Abstract-In this paper, we consider a × massive MIMO system with up to simultaneous links ( ≫ ≫ 1) and nonlinear amplifiers in each transmitter branch. The impact of a nonlinear amplification is analytically studied and accurate expressions for the spectral characterization of the transmitted signals, as well as the biterror-rate (BER) are derived. The accuracy of our analysis is validated by simulations. It is also shown that the nonlinear distortion levels for detection purposes decrease with the ratio / , which means that the impact of the nonlinear distortion effects on the system's performance can be alleviated provided that ≫ . Therefore, the combination of massive MIMO systems with nonlinear, highly efficient power amplifiers can be an interesting option for low-cost, broadband wireless systems. 
I. INTRODUCTION
Multiple input multiple output (MIMO) systems allow several simultaneous data streams, which can lead to substantial capacity gains [1] - [3] . For this reason, MIMO techniques were adopted in 3G and 4G cellular systems. Future 5G systems will be required to have a huge increase in the overall capacity when compared with current systems [3] . This gain will be achieved by a combination of several factors, namely by employing larger transmission bandwidths and MIMO techniques. Massive MIMO techniques, where the number of antenna elements is very high, (from several tens to hundreds or even thousands of antenna elements), are expected to be a key component of future 5G systems [4] . These techniques, which can allow very high capacity gains, are particularly interesting for millimeter-wave communications (where the small wave-lengths allow a large number of antenna elements in a relatively small space) and/or for the base stations (where the space limitations are not so severe). However, massive MIMO systems have important implementation difficulties, since we need a large number of amplifiers and antennas. Moreover, the signals associated to each amplifier can have very high dynamic range, especially when some MIMO preprocessing is employed at the transmitter. To avoid nonlinear distortion effects, the amplifiers can be designed to work in the linear region, but this means high output back-off (OBO) and, consequently, low amplification efficiency. As an alternative, the amplifiers can be allowed to work in the saturation region, but this might lead to substantial performance degradation. Moreover, an accurate analysis of the impact of nonlinear amplifiers on the spectrum and performance is usually difficult.
In this paper we consider massive MIMO systems with transmit antennas and receive antennas ( ≫ 1 and ≫ 1, with ≤ ), where the amplifiers are allowed to work in the saturation region. We present an analytical approach for the characterization of the transmitted signals that takes advantage of the quasi-Gaussian nature of the signals associated to each amplifier. This characteristic allows a simple, yet accurate spectral characterization of the transmitted signals, as well as its performance evaluation. It is shown that, although the nonlinear distortion effects can be severe when the OBO of the power amplifiers is low, its effect on the performance can be decreased by increasing the ratio / . In fact, the power efficiency is maximized for relatively low OBOs (i.e., with relatively high nonlinear distortion effects), especially for > . Throughout this paper we employ the following notation: bold letters denote matrices or vectors. Italic letters denote scalars. Capital letters are associated to the frequency-domain and small letters are associated to the time-domain. (⋅) and tr(⋅) denote the transpose and the trace operator, respectively.
II. SYSTEM CHARACTERIZATION
In this paper we consider a massive MIMO system employing singular value decomposition (SVD) transmission scheme [5] , i.e., we have a pre-processing operation at the transmitter and a detection operation on the receiver (however, the main conclusions could be extended to other transmission schemes (e.g., zero forcing (ZF) pre-processing techniques). The transmitter has antennas and the receiver has antennas, allowing a spacial multiplexing of simultaneous data streams over the MIMO channel. Without loss of generality, we assume ≥ and = min( , ) = (the generalization to other cases is straightforward). Let us start by considering a set of data symbols s = [ 
where
and ( ) is the singular value associated to the th stream. Moreover, B and A denote the pre-processing and the detection matrix, respectively. The set of pre-processed symbols that are transmitted onto the antennas is defined as
, where
The complex envelope of the signal associated to the th transmitter chain is given by
where denotes the sampling interval and ℎ ( ) denotes the impulse response of an appropriate interpolation filter (e.g., a square-root raised cosine filer with 3 dB band 1/2 ). By assuming uncorrelated, zero-mean data symbols, it can easily be showed that the same applies to the symbols after the pre-processing ( ) , which means that the corresponding PSD (Power Spectral Density) of each of ( ) ( ) is identical for all transmitting branches and given by
is independent of . The signal associated to the th transmitting branch is submitted to a nonlinear power amplifier, modeled as a bandpass, memoryless nonlinearity [7] , that yields
where the nonlinear function (⋅) is characterized by the amplitude modulation/amplitude modulation (AM/AM) and amplitude modulation/phase modulation (AM/PM) conversion functions (⋅) and Θ(⋅), respectively. In this paper, we consider solid state power amplifiers (SSPAs) [6] , although our analysis can easily be extended to other models. For SSPAs, there is almost no AM/PM distortion (i.e., Θ(⋅) ≈ 0) and the AM/AM characteristic is given by
where denotes the saturation level (naturally, the performance will be conditioned by the normalized saturation level / , where is the variance of the real and imaginary parts of the pre-processed signal) and defines the sharpness of the transition between the linear and nonlinear regions.
III. SIGNAL CHARACTERIZATION
The statistical characterization of the signal at the output of each power amplifier is in general difficult due to the nonlinear nature of the amplifier. For massive MIMO systems the signal at the input of each amplifier is approximately Gaussian (this is a good approximation even for relatively low values of and , as shown in Fig. 1 ). Therefore, one can take advantage of this for obtaining the statistical characterization of the corresponding transmitted signal ( ) ( ). We start by employing the Bussgang's theorem [8] , which allow us to decompose the amplifier's output as the sum of two uncorrelated components, an useful one, proportional to the input, and a self-interference one [8] , i.e.,
which is identical for all amplifiers 2 . The average power of the useful component is = | | 2 2 and the average power of the nonlinear distortion component is = − , with
Still making use of the Gaussian nature of the transmitted signals, it can be shown that the autocorrelation of the signal at the amplifier's output can be expressed as a function of the autocorrelation of the signal at its input [9] , [10] . Therefore, we have
with 2 +1 denoting the total power associated to the intermodulation product (IMP) of order 2 + 1, which is independent of the input autocorrelation and can be computed as described in [11] . Clearly,
The power spectral density (PSD) of ( ) ( ), identical for all amplifiers, will be (ℱ{⋅} denotes 'Fourier transform'). Similarly, the PSD of the nonlinear distortion component ( ) will be 
IV. PERFORMANCE EVALUATION
In this section we will show how one can take advantage of the Gaussian nature of massive MIMO signals for performance evaluation. As aforementioned, from the Bussgang's theorem, we can decompose the signals at the amplifiers' output as the sum of uncorrelated useful and nonlinear distortion components. This means that the signal samples can be written as
where is given by (9) and ( ) denotes the th nonlinear distortion term associated to the th transmitter branch. In matrix notation, we can write
After passing through the wireless channel, the samples of the received signal are given by z = Hy + = HB s + Hd + = AΛs + AΛ Bd
represents the nonlinear distortion terms after the multiplication by the pre-processing matrix B. Before the detection, the signal is decoded by the matrix A , leading tõ
represent the noise terms after the multiplication by the detection matrix A . The power of x is denoted as and given by
As the autocorrelation matrix of s is
On the other hand, the power of the nonlinearly distorted signal is, according to (13),
where 2 is the power associated to the nonlinear distortion terms. As quadrature phase shift keying (QPSK) symbols are considered, the average bit energy can be written as
The autocorrelation of 
which means that we can define an "equivalent" noise for detection purposes, whose the real and imaginary parts are Gaussian distributed with variance
Under these conditions, the BER for the th stream can be computed as
is the well known Gaussian error function. For performance evaluation purposes, it is useful to rewrite (24) as a function of / 0 . In fact,
By defining the fraction of the transmit power that is effectively used for data transmission as , with
and noting that can also be written as a function of the signal-to-nonlinear interference (SIR) ratio at each amplifier, namely
we have, after some manipulations (see the Appendix),
Clearly, we have a gain of / relatively to the equivalent nonlinear single input single output (SISO) scheme. Moreover, for large values of 2 / 0 , there is an irreducible error floor that is given by
clearly, the irreducible error floor decreases as we increase / . The average BER over all streams is given by
This analysis assumes that all nonlinear distortion affects the detection performance. However, the detection filter is able to remove part of the nonlinear distortion. For signals with an approximately rectangular PSD (i.e., for a Nyquist filtering with small roll-off), almost all out-of-band nonlinear distortion can be removed by the detection filter. This means that the equivalent noise for detection purposes has variance
where denotes the fraction of the nonlinear distortion that affects the detection performance. If the detection filter has frequency response ( ), then
with ( ) denoting the PSD of the nonlinear distortion component 4 . By using the IMP analysis described in the previous section for the PSD computations, one could easily obtain . However, if most of the nonlinear distortion is concentrated in the third order IMP then it can be shown that ≈ 2/3 [12] . Fig. 3 compares the true value of with this approximation for different SSPAs. Clearly, this approximation is very accurate in almost all cases. Therefore, in the following we will use it for obtaining our theoretical BER results.
V. PERFORMANCE RESULTS
In this section we present a set of BER performance results for our massive MIMO system with nonlinear power amplification. We consider SSPAs with = 10 and normalized saturation level / , although the main conclusions could be drawn for other cases. The channels between different transmit and receive antennas have uncorrelated Rayleigh fading. We assume that the channel is known at the transmitter and at the receiver and perfect synchronization. Fig. 4 shows the BER associated to the different streams, ( ) considering linear and nonlinear transmissions, = 8, = 8 and / = 1.5. From the figure one can note that, regardless of the stream, a good matching between the theoretical and the simulated results is obtained. As expected there is an accentuated performance degradation associated to the nonlinear transmission. This degradation is more visible for the high-order streams, i.e., for the streams with lower gains at low to moderate values of / 0 . Fig. 5 shows the average BER considering the different streams in a nonlinear massive MIMO system with = 64, = 16 and different values of / . Clearly, the theoretical results are almost equal to the simulated results. The small differences can be justified with the approximation for that is slightly optimistic (see Fig. 3 ). As / decreases the BER degradation increases and can be almost 1.5 dB for = 10 −3 and 3 dB for = 10 −4 . However, for large / as for instance when / = 2.0, the degradation at = 10 −4 decreases to 0.2 dB since the magnitude of the nonlinear distortion effects decreases considerably. Fig. 6 shows the average BER of all streams considering / = 2.0 and different values of and . From the figure it is clear that the degradation between the linear and nonlinear cases reduces when is fixed and increases. This is verified both when = 4 and increases from = 16 to = 32, since the degradation at = 10 is reduced from 1.7 dB to 1.3 dB, respectively, and from 2.6 dB to 1.4 dB when = 4 and increases from = 32 to = 64. Fig. 7 shows the average BER considering a fixed value of = 8 transmit antennas, / = 1.0 and different values of . As expected due to the low saturation level, the degradation between the linear and the nonlinear case is large, especially for = 16. However, this degradation decreases when increases. In fact, the performance can also be improved by increasing the normalized saturation level. However, this means a higher amplifier OBO and, consequently, a lower amplification efficiency. Therefore, there will be an optimum operation point for the power amplifier. This can be obtained by computing the total degradation, defined as the / 0 degradation relatively to the linear case plus the OBO (in dB, naturally). These results are depicted in Fig. 8 , where the degradation was obtained considering a Clearly, the total degradation decreases with / . Moreover, the amplifier becomes more robust to fluctuations in the operation point as we increase / .
VI. CONCLUSIONS
In this paper we considered massive MIMO systems with nonlinear amplifiers in each transmitter branch. The impact of a nonlinear amplification was analytically studied and accurate expressions for the spectral characterization of the transmitted signals as well as for the bit-error-rate (BER) were derived. Our analytical results were shown to be very accurate, even when the number of antenna elements is moderate. It is also shown that the nonlinear distortion levels decreases when we have more transmit antennas than data streams, which means that we can alleviate the impact of severe nonlinear distortion effects on the performance by increasing the number of transmit antennas, enabling the use of highlyefficient saturated amplifiers. Therefore, the combination of massive MIMO systems with nonlinear, highly efficient power amplifiers can be an interesting option for low-cost, broadband wireless systems.
